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Abstract
We will obtain a new criterion for local connectivity of plane continua. With this criterion, we can show that the boundary of
a connected and locally connected tile T ⊂ R2 is a locally connected continuum.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
A compact set T in Rn that equals the closure of its interior T o, T = T o, is called a tile if there exist a countable
collection T = {Tk: k ∈ Z} of sets congruent to T such that T is a cover of Rn and every two elements of T do not
have common interior points.
Topological properties of tiles T and their boundaries were studied in [1,3–5,7–11], see the survey [2] for more
references. It is known that a connected tile T ⊂ Rn with n 2 has a connected boundary [7]. We will study the local
connectivity of ∂T for n = 2.
A special case of our result on the boundary of an integral self-affine tile was found by Dekking and van de
Wal [4]. They discussed boundary structure of particular integral self-affine tiles T , showing that the boundary ∂T
can be decomposed into several pieces E1, . . . ,Ek , which are attractors of certain recurrent iterated function system.
In that case, if all the pieces Ei are connected, the boundary ∂T satisfies the so-called S-property [12] and hence is
locally connected. However, the construction of Dekking and van de Wal does not work any more for general tiles or
attractors. So, even in the plane, local connectivity of the boundary of a general tile is not trivial.
To state our main result, let us denote by Cp(r) the circle with radius r centered at a point p, and A(p, r,R) the
open annulus bounded by the two circles Cp(r) and Cp(R).
Theorem 1.1 (Local Connectivity Criterion). A continuum M ⊂ R2 is locally connected if and only if for every open
annulus A(p, r,R) with p ∈ M , the difference set A(p, r,R)\M has at most finitely many components whose closures
intersect the two circles Cp(r) and Cp(R) at the same time.
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J. Luo / Topology and its Applications 154 (2007) 614–618 615Remark 1. The “only if” part of Theorem 1.1 is a special case of a “Schönflies condition” [6, p. 515, §61, II, Theo-
rem 10], which states that if the set C in the plane is compact and locally connected and if the sequence R1,R2, . . .
of components of R2 \ C is infinite, then the sequence of their diameters converges to zero. So the condition for
A(p, r,R) holds even when p is not in M .
Remark 2. Theorem 1.1 also holds for unbounded closed connected sets M in the plane.
As corollaries we obtain Theorems 1.2 and 1.3.
Theorem 1.2. A connected closed set M ⊂ R2 is locally connected if and only if for every domain U bounded by
a simple closed curve and a given number ε > 0 the difference set U \ M has at most finitely many components of
diameter larger than ε.
Theorem 1.3. Suppose that T ⊂ R2 is a locally connected continuum. If T is a tile, its boundary ∂T is a locally
connected continuum, too.
Remark 3. The assumptions that T be a tile and that T be locally connected are necessary here, as is shown by
Examples 3.1 and 3.2 below.
We arrange this paper as follows. Section 2 proves Theorems 1.1 to 1.3, and Section 3 provides a few interesting
examples.
2. Proofs of theorems
We recall the following lemma from [12, p. 126].
Lemma 2.1. If M is a locally connected continuum in the plane without cut points, the boundary of each component
of the complement of M is a simple closed curve.
Proof of Theorem 1.1. We will prove by contradiction. Assume on the contrary that the continuum M is not locally
connected at some point p ∈ M . Then, there would be a neighborhood U of p, with respect to the relative topology
of M , such that the component of U that contains p is not a neighborhood of p. Particularly, choose two circles Cp(r)
and Cp(R) centered at p with radii r < R such that the common part of M and the closed disk Dp(R) is entirely
contained in U . Then, every component of Dp(R)∩M must intersect the circle Cp(R). Denote by N0 the component
of Dp(R) ∩ M which contains p.
By assumptions of the “if” part, there are at most finitely many components, say K , of A(p, r,R) \ M whose
closures intersect the two circles Cp(r), Cp(R) at the same time.
Clearly, there is a component N1 = N0 of Dp(R) ∩ M which intersects both the two circles Cp(r) and Cp(R).
Let ε1 ∈ (0, r) be a number less than the distance between N1 and N0. Then, there is a component N2 /∈ {N0,N1}
of Dp(R) ∩ M that intersects both the circles Cp(R) and Cp(ε1), thus must intersect Cp(r). Generally, if we have
chosen n + 1 distinct components N0,N1, . . . ,Nn of Dp(R) ∩ M each of which intersects the two circles Cp(r)
and Cp(R), the distance between N0 and the finite union
⋃n
k=1 Nk is a positive number, say εn > 0. Then, we can
find a component Nn+1 /∈ {N0,N1, . . . ,Nn} of Dp(R) ∩ M such that Nn+1 intersects both the two circles Cp(r) and
Cp(R). Going on this procedure repeatedly, we can find 3K + 1 distinct components N0,N1, . . . ,N3K of Dp(R)∩M
which intersects the two circles Cp(r) and Cp(R) at the same time. By connectivity of M , Ni does not intersect any
bounded component of R2 \ Nj for 0 i = j  3K .
Choose a separation Dp(R)∩M = A0 ∪B0 such that N0 ⊂ A0 and (⋃3Ki=1 Ni) ⊂ B0, and let ε0 > 0 be the distance
between A0 and B0. Cover the plane by a tiling T0 which consists of regular hexagons of diameter 13ε0. Let A′0 be the
union of all the hexagons that intersect A0, and P0 the component of A′0 containing N0. By Lemma 2.1, the boundary
of the unbounded component of R2 \ P0 is a simple closed curve J0, where the interior and exterior of J0 contain N0
and
⋃3K
Ni respectively, since a hexagon H0 in the tiling T0 with H0 ∩ J0 = ∅ could not intersect A0 or B0.i=1
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(
⋃3K
i=2 Ni) ⊂ B1. Choose a number ε1 < ε0 no larger than the distance between A1 and B1 ∪ J0, and a tiling T1
using a regular hexagon of diameter 13ε1. Let A
′
1 be the union of all the hexagons in T1 that intersect A1, and P1 the
component of A′1 containing N1. By Lemma 2.1, the boundary of the unbounded component of R2 \ P1 is a simple
closed curve J1, where the interior and exterior of J1 contain N1 and (
⋃3K
i=2 Ni) ∪ J0 respectively, since a hexagon
H1 in the tiling T1 with H1 ∩ J1 = ∅ could not intersect (A0 ∪ J0 ∪ A1) or B1 by construction of our tiling T1.
Repeating this process for 3K times, we have 3K simple closed curves J0, J1, . . . , J3K−1 such that {Di : 0 
i < 3K} is a collection of disjoint topological disks, where Di is the union of Ji and its interior for 0  i < 3K .
Moreover, every disk Di intersects the interior of Cp(r) and the exterior of Cp(R) at the same time.
Choose an arc S0 on J0 which lies in A(p, r,R) except for its two end points. For any fixed 1 i < 3K , choose
two arcs Si, S′i in Ji which are contained in A(p, r,R) except for their end points such that they cannot be joined by
an arc inside A(p, r,R) \ (S0 ∪ Ni). This indicates that Si, S′i cannot be joined by an arc inside A(p, r,R) \ (N0 ∪ Ni)
for 1 i < 3K , thus they must lie in different components of A(p, r,R) \ M .
Let Ui,U ′i be the components of A(p, r,R) \M that contain Si, S′i respectively. Then Ui = U ′i for 1 i < 3K , and
both Ui,U ′i intersect the two circles Cp(r),Cp(R) at the same time. Furthermore, the collection
{Ui : 1 i < 3K} ∪ {U ′i : 1 i < 3K}
does not have three different elements which intersect each other. Therefore, the difference set A(p, r,R) \ M must
have more than K components whose closures intersect the two circle Cp(r),Cp(R) at the same time. 
Proof for Theorem 1.2. The “only if” part is implied by Schönflies condition, we just need to show the “if” part.
Assume that M is not locally connected at a point p ∈ M . By Theorem 1.1, we can find an open annulus A(p, r,R)
centered at p such that the difference set A(p, r,R) \ M has infinitely many components whose closures intersect
the two circles Cp(r),Cp(R) at the same time. Choose two numbers r1,R1 with r < r1 < R1 < R and two disjoint
smooth arcs S1, S2 in A(p, r,R) \ M joining the two circles Cp(r1),Cp(R1) such that S1, S2 lie in the open annulus
A(p, r1,R1) except for their end points. Then, S1 ∪ S2 cut A(p, r1,R1) into two domains U1,U2 bounded by two
simple closed curves. Then, either U1 \M or U2 \M has infinitely many components whose closures intersect the two
circles Cp(r1),Cp(R1) at the same time. Thus, we have a domain U ∈ {U1,U2} bounded by a simple closed curve
such that U \ M has infinitely many components of diameter no less than the number ε = R1 − r1 > 0. 
Proof of Theorem 1.3. Suppose that the collection T is a tiling of R2 which uses a single connected and locally
connected tile T0. It is known that the boundary is a continuum [7,8]. In the following, we shall prove Theorem 1.3,
which says that ∂T0 is a locally connected continuum.
Choose a large circle J0 whose interior contains T0. Let M be the union of all the elements of T \ {T0} that intersect
J0 or its interior, then M is a locally connected continuum such that ∂T0 is contained in the interior of T0 ∪ M .
Consider an annulus A(p, r,R) centered at an arbitrary point p ∈ ∂T0. If the larger circle Cp(R) does not lie in the
interior of J0, there is only one component of the difference set A(p, r,R) \ ∂T0 that intersects the two circles Cp(r)
and Cp(R) at the same time. In the following we suppose that Cp(R) lies entirely in the interior of J0. Then, the differ-
ence set A(p, r,R) \ ∂T0 is exactly the disjoint union of A(p, r,R) \T0 and A(p, r,R) \M . Applying Theorem 1.1 to
the two locally connected continua M and T0, we see that only finitely many components of A(p, r,R) \ ∂T0 intersect
the two circles Cp(r) and Cp(R). 
3. Examples
In this section, we give a few basic examples. In the first one, we construct a simple tile that is connected and not
locally connected.
Example 3.1. Let M be the union of two open curves{(
x, sin
(
1
))
: 0 < x < 1
}
,
{(
x,
[
sin
(
1
)
− 3
])
: 0 < x < 1
}x x
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with two line segments {0} × [−4,1] and {1} × [sin 1 − 3, sin 1]. Then, the union T of M and the region enclosed by
it is a tile, which is not locally connected at points 0 × y with y ∈ [−4,−2] ∪ [−1,1]. See Fig. 1 for a rough depiction
of the tile T and its boundary ∂T .
Note that the closure of a simply connected region U ⊂ R2 is locally connected whenever it has a locally con-
nected boundary ∂U . However, the inverse is not true. See the following Example 3.2, in which we will construct a
concrete simply connected domain, whose closure is a locally connected continuum, while the boundary is not locally
connected at each point of a line segment.
Example 3.2. Let P0 be the pentagon spanned by the five points (2,2), (1.5,2), (1,1), (1.5,0), (2,0). Define two
similarities with ratio 12
f1(x, y) =
(
x
2
,
y
2
+ 1
)
, f2(x, y) =
(
x
2
,
y
2
)
.
Let M be the solution of the equation M = P0 ∪ f1(M) ∪ f2(M). See Fig. 2.
Then M is a locally connected continuum, whose boundary ∂M is a continuum not locally connected on the line
segment {0} × [0,2].
Let M ′ be the closure for the union of M and the open square X = {x1 × x2: 0 < x1 < 2, −2 < x2 < 0}. Then the
interior of M ′ is a simple connected domain and M ′ is a locally connected continuum, while the boundary ∂M ′ is not
locally connected at every point on the line segment {0} × [0,2].
Fig. 2. The pentagon P0 and the bigger polygons contained in the limit set M .
618 J. Luo / Topology and its Applications 154 (2007) 614–618The Hahn–Mazurkiewicz–Sierpin´ski Theorem says that a metric space M is the continuous image of the unit
interval [0,1], shortly a curve, if and only if M is a locally connected continuum [6, p. 256, §50, II, Theorem 2]
[12, p. 66]. So, Theorem 1.3 just says that the boundary of a planar curve is still a curve if it tiles the plane, and the
above Example 3.2 says that the boundary of a general curve can be non-locally connected, even if the interior of such
a space-filling curve is a simply connected region. Generally, one may wonder under what conditions the intersection
of two curves in the plane will be a curve, too. We have the following theorem, which can be inferred as a one word
corollary of Theorem 1.1.
Theorem 3.1. If M,N are two connected closed sets in R2 with M ∪N = R2, then M ∩N is locally connected if and
only if both M and N are.
Simple examples show that the intersection of two curves could be a Cantor set. However, we still do not know
whether the intersection Γ1 ∩ Γ2 of two curves Γ1,Γ2 is also a curve, provided that Γ1 ∩ Γ2 is connected.
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